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SPACEABILITY IN SETS OF OPERATORS ON C(K)
ROGE´RIO FAJARDO, PEDRO L. KAUFMANN, AND LEONARDO PELLEGRINI
Abstract. We show that when C(K) does not have few operator – in the
sense of Koszmider ([8]) – the sets of operators which are not weak multipliers
is spaceable. This shows a contrast with what happens in general Banach
spaces that do not have few operators.
In addition, we show that there exist a C(K) space such that each operator
on it is of the form gI + hJ + S, where g, h ∈ C(K) and S is strictly singular,
in connection to a result by Ferenczi ([6]).
1. Introduction and terminology
Banach spaces with few operators have been the subject of several papers. In
[7], Gowers and Maurey build an hereditarily indecomposable Banach space such
that every (bounded) linear operator on it has the form λI +S, where λ ∈ C and S
is strictly singular. Recently, in [1], Argyros and Haydon have built a Banach space
in which every operator has the form λI + C, where λ ∈ R and C is a compact
operator.
We restrict ourselves to Banach spaces of the form C(K), the space of real
continuous functions on a Hausdorff compact topological space K, normed by the
supremum.
For any g in C(K), the multiplication operator gI : f 7→ gf is a bounded linear
operator on C(K). In addition, it can be shown (see [8]) that for all C(K) there is
always an operator which cannot be expressed in the form gI+C, where g ∈ C(K)
and C is compact and there is always an operator which cannot be expressed in
the form λI + S, where λ ∈ R and S is strictly singular.
On the other hand, Koszmider proved in [8] that there exists a C(K) space
on which every operator has the form gI + S, where g ∈ C(K) and S is strictly
singular or, equivalently, weakly compact (the equivalence holds for C(K) spaces,
see [10]). Such operators are often called weak multiplications and Banach spaces
C(K) which every operator on it is a weak multiplications are said to have few
operators. If K is connected and all operator on C(K) is a weak multiplications
then C(K) is indecomposable (see [5]). Note that, since every C(K) contains a
copy of c0, it is not hereditarily indecomposable.
In what concerns C(K) spaces with few operators, it is usual to consider a slightly
larger class of operators than weak multiplications: it is usual to consider the class
of the weak multipliers (see Definition 2.2). A Banach space C(K) on which every
operator is a weak multiplier is also commonly said to have few operators. Every
weak multiplication is a weak multiplier (see Proposition 2.4). However, the notion
of weak multiplier seems to be more appropriate. For example, if every operator on
C(K) is a weak multiplier and C(K) isomorphic to C(L), then every operator on
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C(L) is also a weak multiplier; by the other hand, any C(K) (having few operators
or not) is isomorphic to some C(L) which admits a weak multiplier which is not
a weak multiplication (see [12]). Furthermore, weak multipliers play a central role
in all constructions of C(K)’s with few operators, as in [8] and [11]. Throughout
this work, by C(K) has few operators we will mean that each operator in C(K) is
a multiplier.
The question that motivated this work is the following: when C(K) does not
have few operators, how many operators which are not weak multiplier exist in
C(K)?
In order to measure the amount of non weak multipliers on a C(K) space we
use the concepts of lineability and spaceability, which appears in several papers: a
subset M of a Banach space X is said to be lineable if M ∪{0} contains an infinite
dimensional subspace of X . If that subspace can be chosen with the additional
property of being closed, then M is said to be spaceable. This terminology was
firstly published in [2], but it first appeared in unpublished notes by Enflo and
Gurariy, which will now formally appear as a part of [4], a work in collaboration
with Seoane-Sepu´lveda.
Among other results, we will show that when C(K) does not have few operators,
then the set of the operators on C(K) which are not weak multiplier is spaceable
– or equivalently, that the quotient of the space of all operators on C(K) by the
subspace of weak multipliers is infinite-dimensional. This equivalence is shown in
Theorem 3.1. Our results reveal a contrast between the few operators theory in
general Banach spaces and in C(K). In a general Banach space setting, Ferenczi [6]
provides an example where the quotient of the space of all operators on an Banach
space X by the subspace of the operators of the form λI +S, where λ ∈ R and S is
strictly singular, has dimension 1. In other words, that there is an operator J on X
such that every operator on X has the form λ1J+λ2I+S, where λ1, λ2 ∈ R and S
is strictly singular. We show that this does not occur for C(K) spaces. Although,
we get a related result if we allow replacing scalar numbers by continuous functions:
for any C(K) such that every operator is a weak multiplication, there is an operator
J on C(K ×{0, 1}) which is not weak multiplier such that every operator on C(L)
has the form gJ + hI + S, where g, h ∈ C(K × {0, 1}) and S is strictly singular.
All topological spaces referred in this paper are Hausdorff. We use N to denote
the set of non-negative integers and L(X) to denote the space of bounded linear
operators on a Banach space X .
2. Weak multipliers and weak multiplications
In this section we present the definitions of weak multipliers and weak multipli-
cations, as well as some basic results on these kinds of operators that will be used
in this paper. To know more about how weak multipliers and weak multiplications
are related we mention [8] and [12].
Definition 2.1. ([8], 2.1) An operator T : C(K) −→ C(K) is a weak multiplica-
tion if there is g ∈ C(K) and an weakly compact operator S on C(K) such that
T = gI + S.
We say that a sequence (en)n∈N in C(K) is pairwise disjoint if ei · ej = 0, for all
i 6= j.
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Definition 2.2. ([8], 2.1) An operator T : C(K) −→ C(K) is a weak multiplier if,
for every pairwise disjoint bounded sequence (en)n∈N in C(K) and every sequence
(xn)n∈N ⊆ K satisfying en(xn) = 0, we have
lim
n→∞
T (en)(xn) = 0.
Every weak multiplication is a weak multiplier. To show this, we use the following
caracterization of weakly compact operators on C(K).
Theorem 2.3. ([3], VI, Cor.17) Let X be a Banach space. An operator T :
C(K) −→ X is weakly compact if and only if for every bounded pairwise disjoint
sequence (en)n∈N we haver ||T (en)|| converges to 0.
Proposition 2.4. Every weak multiplication is a weak multiplier.
Proof: Let T = gI+S be a weak multiplication on C(K), where g ∈ C(K) and S is
a weakly compact operator. Let (en)n∈N be a bounded pairwise disjoint sequence
in C(K) and let (xn)n∈N be a sequence in K. Then T (en)(xn) = g(xn) · en(xn) +
S(en)(xn) = S(en)(xn). By Theorem 2.3 we have that limn∈N ||S(en)|| = 0. There-
fore limn→∞ T (en)(xn) = 0, proving that T is a weak multiplier. 
We will also make use of the following:
Theorem 2.5. ([8], 2.3) If K does not have a non-trivial convergent sequence and
T : C(K) −→ C(K) is a weak multiplier, then T is onto C(K) if and only if it is
an isomorphism onto its range.
Let L(C(K)) be the Banach space of all bounded operators on C(K), and let
M(C(K)) be the subspace of L(C(K)) consisting of the weak multipliers on C(K).
Theorem 2.6. M(C(K)) is closed in L(C(K)).
Proof: Let (en) ∈ C(K) and (xn) ∈ K be sequences such that M := sup‖en‖ <∞,
en · em = 0 and en(xn) = 0. Take S ∈ M. Given ε > 0, there exists T ∈ M
satisfying ‖S − T ‖ < ε2M . Since T ∈ M(C(K)) , there exists N ∈ N such that
|T (en)(xn)| <
ε
2 , for all n > N . Hence, for n > N , we have
|S(en)(xn)| ≤ |T (en)(xn)|+ |T (en)(xn)− S(en)(xn)| <
ε
2
+ ‖S − T ‖‖en‖ < ε,
which proves that S(en)(xn)→ 0; therefore, S ∈M(C(K)). 
3. Lineability and spaceability of sets of non-weak multipliers
We recall that a subset S of a Banach space X is lineable if S ∪ {0} contains an
infinite-dimensional subspace of X . We say that S is spaceable if S ∪ {0} contains
a closed infinite-dimensional subspace of X . In case S is a complement of a closed
subspace of X , the next theorem – which is a consequence of a Theorem of [9] –
prove that both definitions are equivalent.
Theorem 3.1. Let M be a subspace of a vector space X. The following assertions
are equivalent:
(a) X rM is lineable;
(b) The quotient X/M is infinite-dimensional;
(c) There are no x1, . . . , xn ∈ X such that for every x ∈ X there are c1, . . . , cn ∈
R and y ∈M such that x = c1x1 + . . .+ cnxn + y.
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If, in addition, X is a Banach space and M is closed, the assertions above are
equivalent to
(d) X rM is spaceable.
Proof: The equivalence between (b) and (c) follows immediately from the definition
of quotient. We will prove that (a) and (b) are equivalent:
Let {zn +M : n ∈ N} be a linearly independent family in X/M . We will prove
that {zn : n ∈ N} is linearly independent in X . In fact,
k∑
n=0
αnzn = 0 ⇒
k∑
n=0
αnzn ∈M ⇒
( k∑
n=0
αnzn
)
+M = 0
⇒
k∑
n=0
αn
(
zn +M
)
= 0⇒ αn = 0, ∀n = 0, 1, . . . , k.
Therefore, S = span{zn : n ∈ N} is infinite-dimensional. Let
∑k
n=0 αnzn be an
element of S. If
∑k
n=0 αnzn ∈M , then
∑k
n=0 αn
(
zn+M
)
=
(∑k
n=0 αnzn
)
+M = 0,
and hence αn = 0, for all n = 0, 1, . . . , k. Therefore S ⊂ (X rM) ∪ {0}.
On the other hand, let Z be a infinite dimensional subspace contained in (X r
M) ∪ {0}, take {zn : n ∈ N} a linearly independent subset of Z, and consider the
set of classes {zn+M : n ∈ N} ⊂ X/M . Then if α0, α2, . . . , αk are scalars, we have
that
k∑
n=0
αn(zn +M) = 0 ⇒
k∑
n=0
(αnzn) +M = 0⇒
k∑
n=0
αnzn ∈M
⇒
k∑
n=0
αnzn = 0⇒ αn = 0, ∀n = 0, 1, . . . , k,
and therefore {zn +M : n ∈ N} is linearly independent.
If X is a Banach space and M is closed subspace, the equivalence between (b)
and (d) follows from [9, Theorem 2.2]. 
Let NM(C(K)) be the set of all operators on C(K) which are not weak multi-
pliers. If C(K) has few operators then, by definition NM(C(K)) = ∅. Otherwise,
we will show that NM(C(K)) is spaceable. We start by studying a particular case.
Theorem 3.2. If K has a non-trivial convergent sequence, then NM(C(K)) is
spaceable.
Proof: Let (xk)k∈N be a sequence of distinct elements of K which converges to x.
Using the normality of K, we get a sequence of continuous functions fk : K −→
[0, 1] with pairwise disjoint supports, such that fk(xk) = 1 and fk(xl) = 0 for all
k 6= l. We may assume that fk(x) = 0, for all k.
For each n ≥ 1, define the operator Tn : C(K) −→ C(K) by
Tn(f)(x) =
∞∑
j=0
fj(x)(f(xj+n)− f(x)).
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It is easy to verify that Tn is well defined and ||Tn|| = 2. Let T =
∑n
i=1 λiTi. For
every f in the unit ball of C(K) and every x ∈ K, we have that
|T (f)(x)| = |
∞∑
j=0
n∑
i=1
(λifj(x)(f(xj+i)− f(x)))|
= |
∞∑
j=0
(fj(x)
n∑
i=1
λi(f(xj+i)− f(x)))|
= |f0(x)
n∑
i=1
λi(f(xi)− f(x))|
≤ |
n∑
i=1
λi(f(xi)− f(x))|,
and therefore
||T || ≤ sup{|
n∑
i=1
λi(ai − a)| : ai, a ∈ [−1, 1]}.
Let φ : [−1, 1]n+1 −→ R be defined by φ(a1, . . . , an, a) = |
∑n
i=1 λi(ai − a)|. It is
easy to see that φ is continuous. Moreover, since it is defined on a compact set, φ
assumes its maximum value at (b1, . . . , bn, b) ∈ [−1, 1]
n+1. Then
||T || ≤ |
n∑
i=1
λi(bi − b)|.
On the other hand, consider f in the unit ball of C(K) such that f(xi) = bi, for
i ≤ n, and f(x) = b. Recalling that f0(x0) = 1, we get
|T (f)(x0)| = |
n∑
i=1
λi(f(xi)− f(x))| = |
n∑
i=1
λi(bi − b)| ≥ ||T ||.
It follows that
||T || = ||T (f)|| = sup{|
n∑
i=1
λi(ai − a)| : ai, a ∈ [−1, 1]}.
Consequently, if n0 < n1 and λ1, . . . λn1 is a sequence of real numbers, we have
‖
n0∑
n=1
λnTn‖ ≤ ‖
n1∑
n=1
λnTn‖,
and hence the operators Tn define a Schauder basis for [Ti : n ≥ 1].
It remains to prove that each non-null element of that space is not a weak
multiplier. Let T =
∑∞
n=1 αnTn be a non-null operator on C(K) and let n0 be
the lowest natural number such that αn0 6= 0. Take a pairwise disjoint sequence
(en)n∈N in C(K) such that en(x) = 0 and
en(xi) =
{ 1
αn0
, se i = n+ n0
0, otherwise
It is clear that en(xn) = 0, since n 6= n + n0. Moreover, T (en)(xn) = 1 for
all n ∈ N. Indeed, Tn0(en)(xn) = en(xn+n0) =
1
αn0
, and if m 6= n0 we have
Tm(en)(xn) = en(xn+m) = 0. It follows that T ∈ NM(C(K)). 
6 R. FAJARDO, P. L. KAUFMANN, AND L. PELLEGRINI
We will deal now the general case. We will omit the proof of the following lemma
to be quite simple.
Lemma 3.3. Let (xn) be a sequence in a compact space K that does not converge.
Then there exists f ∈ C(K) such that the sets
A = {n ∈ N : f(xn) = 0} and B = {n ∈ N : f(xn) = 1}
are both infinite.
Theorem 3.4. The set of non weak multipliers on C(K) is either empty or space-
able.
Proof: If K has a non-trivial convergent sequence, the result follow from Theo-
rem 3.2. Hence we may assume that K does not contain a convergent sequence.
Suppose that there exists T : C(K) −→ C(K) such that T is not a weak multi-
plier. Let (en)n∈N be a bounded pairwise disjoint sequence in C(K) and let (xn)
be a sequence in K such that en(xn) = 0 and |T (en)(xn)| > ε, for every n ∈ N.
Since K does not contain convergent sequences, using Lemma 3.3, we take f1 ∈
C(K) such that the sets
A1 = {n ∈ N : f1(xn) = 0} and B1 = {n ∈ N : f1(xn) = 1}
are both infinite. Assuming Aj , Bj and fj defined, again by the lemma, we take
Aj+1, Bj+1 and fj+1 such that the sets
Aj+1 = {n ∈ Aj : fj+1(xn) = 0} and Bj+1 = {n ∈ Aj : fj+1(xn) = 1}
are both infinite.
For each j ≥ 1, let Tj : C(K) −→ C(K) the operator defined by Tj(g) = fj ·T (g)
and consider S = span{Tj : j ≥ 1}.
Take
∑k
j=1 αjTj ∈ S, with αk 6= 0. Then for each n ∈ Bk we have
|
k∑
j=1
αjTj(en)(xn)| = |αk||Tk(en)(xn)| > |αk|ε,
since Bk ⊂ Aj , for all j < k. This shows that the set {Tj : j ≥ 1} is linearly
independent and that, since each Bk is infinite, each nonzero element of S is not
a weak multipliers. So the set of non weak multipliers on C(K) is lineable. By
theorems 2.6 and 3.1 it is spaceable. 
Example 3.5. If C(K) has a proper subspaceX isomorphic to it, thenNM(C(K))
is spaceable. Indeed, If C(K) has a convergent sequence, NM(C(K)) is spaceable
by Theorem 3.2. Otherwise, by Theorem 2.5, an isomorphism from C(K) onto
X is not a weak multipliers. So, by 3.4, NM(C(K)) is spaceable. In particular,
NM(C(βN)) = ℓ∞ is spaceable, since is isomorphic to its square. Note that βN
has no convergent sequence.
As mentioned previously, in [6] Ferenczi provides an example of a Banach space
X on which there is an operator J such that every operator on X has the form
µJ+W , where µ ∈ R andW = λI+S with S strictly singular and λ ∈ R. Note that
the previous results show that this does not occur in the context of C(K) spaces.
However, replacing scalar numbers by continuous functions we obtain something
similar:
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Theorem 3.6. Let K be a compact topological space such that every operator on
C(K) is a weak multiplication. Let L = K × {0, 1}. There exists an operator J on
C(L) which is not weak multiplier such that every operator on C(L) has the form
gJ +W , where g ∈ C(L) and W is a weak multiplication.
Proof: Let K and L be as in the hypothesis. For f ∈ C(L) we define f1, f2 ∈ C(K)
as f1(x) = f(x, 0) and f2(x) = f(x, 1). We identify f ∈ C(L) with (f1, f2) ∈
C(K)2. Define J : C(L) −→ C(L) as
J(f, g) = (g, f).
Let T be an operator on C(L). For each i ∈ {1, 2} we define πi : C(L) −→ C(K)
by πi(f) = fi and σi : C(K) −→ C(L) by σ1(g) = (g, 0) and σ2(g) = (0, g). Then,
for each pair (i, j) ∈ {1, 2}2 we define an operator on C(K) as
Tij = πj ◦ T ◦ σi
and an operator on C(L) as
T˜ij = σj ◦ Tij ◦ πi.
Claim 1. T =
∑
i,j∈{1,2} T˜i,j .
Let f be an element of C(L) which corresponds to (f1, f2) in C(K)
2 (i.e., πi(f) =
fi, for i ∈ {1, 2}). We have
T (f) = (π1(T (f1, f2)), π2(T (f1, f2)))
= (π1(T (f1, 0) + T (0, f2)), π2(T (f1, 0) + T (0, f2)))
= (π1(T (f1, 0)) + π1(T (0, f2)), π2(T (f1, 0)) + π2(T (0, f2)))
= (π1 ◦ T ◦ σ1(f1) + π1 ◦ T ◦ σ2(f2), π2 ◦ T ◦ σ1(f1) + π2 ◦ T ◦ σ2(f2)
= (T11(f1) + T21(f2), T12(f1) + T22(f2))
= (T11(f1), 0) + (T21(f2), 0) + (0, T12(f1)) + (0, T22(f2))
= σ1 ◦ T11 ◦ π1(f) + σ1 ◦ T21 ◦ π2(f) + σ2 ◦ T12 ◦ π1(f) + σ2 ◦ T22 ◦ π2(f)
= T˜11(f) + T˜21(f) + T˜12(f) + T˜22(f),
which proves the claim.
To conclude the proof it is enough to show that each operator T˜ij has the form
described in the theorem.
Claim 2. For any i ∈ {1, 2} there exists g˜ ∈ C(L) and a weakly compact operator
S˜ on C(L) such that T˜ii = g˜IC(L) + S˜.
We may assume that i = 1, since the proof is analogous for T˜22.
Since T11 is an operator on C(K) and C(K) has few operators, there exist
g ∈ C(K) and an weakly compact operator S on C(K) such that T11 = gI + S.
Take S˜ = σ1 ◦S ◦π1, i.e., S˜(f1, f2) = (S(f1), 0). The operator S˜ is weakly compact,
since composition of weakly compact operators with any operator is also weakly
compact.
Take g˜ = (g, 0) ∈ C(L). For f = (f1, f2) we have
T˜11(f) = (T11(f1), 0) = (gf1 + S(f1), 0) = (gf1, 0) + (S(f1), 0) = g˜f + S˜(f).
Claim 3. For any i, j ∈ {1, 2} such that i 6= j, there exist g˜ ∈ C(L) and a weakly
compact operator S˜ on C(L) such that T˜ij = g˜J + S˜.
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We proceed analogously to the above claim to prove that T˜12 = g˜J+ S˜, for some
g˜ ∈ C(L) and S˜ weakly compact on C(L).
Write T12 = gI+S. Take S˜ = σ2◦S◦π1 and g˜ = (0, g). We have, for f = (f1, f2),
T˜12(f) = (0, T12(f1)) = (0, gf1 + S(f1)) = g˜ · (0, f1) + S˜(f) = g˜J(f) + S˜(f).
This completes the proof of the claim and the theorem. 
We notice that the operator J in Theorem 3.6 can be replaced by the operator
J(f, g) = (−g, f), which has the property J2 = −I.
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